The fact that a single polynomial of the nth degree in the original formulation is replaced by two or more sums or polynomials of like degree in the generalized orthogonal systems imparts to the extension some features of novelty. Certain other generalizations are briefly mentioned also.
Trigonometric sums. Let U 0 (x), Ui(x), Vi(x), • • • be orthonormal trigonometric sums for weight p(x), and let

K n (*, s) = UQ(X)UQ(S) + Ui(x)Ui(s) + • • • + U n (x)Un(s) + ViixW^s) + • • • + V n (x)V n (s).
For definiteness it may be assumed that Uk(x) contains no term in sin kx, while V k {x) contains sin kx with a nonvanishing coefficient; the function K n (x, s) would be unchanged if U k , Vk were replaced by any equivalent pair of sums of the &th order. If T n (x) is any trigonometric sum of the nth order,
ƒ p(s)K n (x, s)T n (s)ds = T n (x).
Suppose p(x) =0 throughout an interval (a, ]8). Let
Xi, x 2 be any two distinct points of (a, ]8). Let r n _i(#) be an arbitrary trigonometric sum of order n -1 at most, and let sin \{x -X\) sin \(x -x^)r n~\ {x) = T n (x) ; the product sin %(x -xx) sin|(x -x 2 ) = |cos §(#i -#2) -i cos [x -%(x\ + x 2 
)]
is a trigonometric sum of the first order. Then
The right-hand member vanishes for x = xi and for x = X2\ that is to say, K n (xiy s) and K n (x2, s) 
that is, that C=l, cos X2 = cos xi, sin X2 = sin x\.
In the limiting case #2 = xi,
and by differentiation with respect to x under the sign of integration ƒ. (x, s) . Both right-hand members vanish for x = Xi\ K n (xi, s) and K nx (xi, s) as trigonometric sums of the nth order in 5 are orthogonal to every sum of lower order for weight sin 2 %(s -xi)p(s). Here no assumption with regard to vanishing of p is required. It is obvious that K n and K nx are linearly independent, for one contains a constant term and the other does not.
Vanishing of p is again unnecessary if x\ and X2 are allowed to be complex. Let x\ = y-\-ib, X2 = y -i5, with 7 and 5 real,
Since each member of (1) represents a trigonometric sum in x, and they are identical for real values of x, they are equal also when x is complex. For x = xi the right-hand member is zero, and the real and pure imaginary parts of the expression on the left must vanish separately. The same result is obtained by setting x = X2. The real and pure imaginary parts of K n (xi, s) for real 5 (or of its conjugate K n (x2, s)) are [February orthogonal to every trigonometric sum of lower order in 5 with respect to the non-negative weight function [J cosh 5 -\ cos (s-y)]p(s). These real and pure imaginary components, being linearly independent combinations of the linearly independent functions K n (xi, s) and K n (x2, s), are themselves linearly independent trigonometric sums of the nth order in s.
3. Polynomials on an algebraic curve. Orthogonal trigonometric sums can be regarded as a special instance of orthogonal polynomials in two real variables on an algebraic curve, the curve in this case being a circle (or, without essentially greater generality, an ellipse). Considerations analogous to those outlined above apply to the more general problem. As an illustration the reasoning will be formulated for a curve of the third degree. It will be immediately apparent that the same type of argument can be applied to curves of higher degree, if exceptional cases are avoided, or, on the other hand, to an alternative treatment of orthogonal polynomials on a circle, or to orthogonal polynomials on hyperbolic arcs. (Orthogonal polynomials on a parabola are essentially orthogonal polynomials in a single variable.)
Let C be a curve of the third degree. Let p(x, y) be a non-negative weight function defined on C, and, for simplicity, vanishing identically except on an arc or arcs of finite extent. Let poi (x, y), pn(x, y), pi2(x, y) , and, for n^2, p n i(x, y), p n <2,(x, y), p n z(x, y) denote the members öf a corresponding system of orthonormal polynomials on C, each polynomial being of total degree indicated by its first subscript. Let K n (x, y, u, v) = X pkj(%, y)pkj(u, v) , the summation being extended over all the relevant pairs of subscripts. As in the special case of trigonometric sums, the function K n is completely determinate when the points (x, y) and (u, v) are on the curve C in their respective planes, although the individual polynomials of any specified degree in the system admit orthogonal transformation among themselves.
Let ax+by-\-c = 0 be the equation of a line intersecting C in three distinct points (xi, yi), (x2, 3/2)1 (#3, 3/3), and so situated that the domain of orthogonality of the polynomials is all on one side of it, that is, so that ax+by-\-c is of constant sign where p^O. The intersections may be real, or two of them may be conjugate complex; it is understood that the coefficients a, b, c, as well as those in the equation of C, are real. It is to be understood further, if C is degenerate, that the domain of orthogonality includes a portion of positive measure (with respect to arc length as variable of integration) on each of the loci defined by the vanishing of an irreducible factor in the equation of C.
If P n (x> y) is any polynomial of the nth or lower degree, then for
where 5 denotes arc length on the curve C in the (w, v) plane. While the identity holds in general only on the curve, it is valid at all points of the curve, not merely where p?^0. If 7T n _i(x, y) is an arbitrary polynomial of degree n -\ at most, and P n (x, y) = (ax + by+C)TT T^. I(X 1 y), the identity states that
Since the points (x v , y v ), v = l, 2, 3, lie on the curve and at the same time on the line ax+by+c = 0, the relation holds with the right-hand member equal to zero if any one of these pairs of values is substituted for (x, y). The functions K n (x v , y vi u, v) as polynomials in u and v are orthogonal to every polynomial of lower degree for weight (au-\-bv-\-c)p(u, v) . The three polynomials K n (x v , y v , u, v) are linearly independent on C if n^2. For, as the polynomials pkj (u, v) Ciyi + C 2 y 2 + C z y z = 0.
The first, second, and fourth of these equations are possible with Cs not all zero only if two of the x's are equal, and the first, third, and Similar reasoning is clearly effective for a curve of the Nth degree with a straight line meeting it in N distinct points. For a treatment of certain cases of coincident points of intersection the discussion will be limited to the curve of the third degree.
Suppose now that the line ax+by+c -0, instead of meeting the curve in three distinct points, is tangent to it at an ordinary point (ffii 3>i), and intersects it at a point (x 2 , 3^2) distinct from (xi, yi). It is still assumed that the part of the curve on which p^O is all on one side of the line, that is, that ax+by+c is of constant sign there. At least one of the coefficients a, b is different from zero; without loss of generality it may be supposed that &^0, that is, that the line is not parallel to the y-axis. In the neighborhood of the point (xi, yi), y is a single-valued function of x on the curve, with a derivative whose value reduces at (xi, yi) to ( -a/b) , the slope of the tangent line. In this neighborhood on C, by differentiation of (2), (x, y, u, v) 
where K nx (x, y, u, v) means the total derivative of K n with respect to x, equal to dK n /dx+y'dK n /dy. At (xi, yi) both ax+by+c and a+by' vanish. The function K nx (xi, yi, u, v) , which is still a polynomial as regards its dependence on u and v, is orthogonal to ir n -\ (u, v) for weight (au+bv+c)p (u, v) .
There have been obtained then for n^2 three polynomials K n (xi, 3>i, u, v) , Knx(xi, 3>i, u, v), K n (x2, 3^2, u, v) , each possessing the property of orthogonality. These are once more linearly independent on the curve. Without effect on the form of K n , and so without any impairment of generality, it may be assumed that the first six poly-nomials in the orthogonal system are specifically those obtained by applying the Schmidt process to the monomials 1, x t y, # 2 , xy, y 2 y taken in that order. Then pn(x, y) does not involve y, and p 2 i(x, y) involves neither xy nor y 2 . Suppose there were an identity of the form The first, second, and fourth of these equations require that #i = X2, which is impossible under the hypothesis that (xi, yi) and (x 2 , y 2 ) are distinct and b^O. It is immediately apparent that any two of the three K's are linearly independent for n -1. So the i£'s give the complete orthogonal system for weight (ax+by+c)p(x y y). Finally, let the line meet the curve at a double point (xi, yi) at which there are distinct tangents with finite slopes, and at another point (x 2 , y 2 ). It is assumed, as always, that ax+by+c is of constant sign where p does not vanish. Let Ki(u, v) and K 2 (u, v) be the total derivatives K nx (xu yu u, v) calculated respectively for the two branches of the curve through (xi, yi) ; let the corresponding slopes be Xi and X2. Then / p(u, v)K v (u, v) 
It is seen that (a+b\ 2 )Ki{u, v) -(a+b\i)K 2 (u, v) is orthogonal to w n -.i (u, v) for the composite weight function. This polynomial and the two polynomials K n (xi, yi, u, v) , K n (x 2 , y 2l u, v) are found to be linearly independent on C for n ^ 2, and once more a complete orthogonal system is obtained.
These illustrations will be allowed to suffice for the case of multiple intersections.
Other cases.
The corresponding theory for a non-algebraic curve is complicated by the fact that the number of polynomials of the nth degree in the orthogonal system increases with n, but is compensatingly simplified by the observation that the representation corresponding to (2) holds for all values of x and y, so that (except for the assumption that the domain of orthogonality is all on one side of the line) the points where the straight line meets the curve are no longer a matter of special concern. If (x v , y v ) are any n+1 distinct points on the line, independent polynomials of the nth degree orthogonal to every polynomial of lower degree with respect to the composite weight function are given by K n (x vi y vy u, v) .
A similar conclusion holds for orthogonality on a two-dimensional region. In order to emphasize and to clarify what is significant and interesting in the results of McShane and in our improvements thereon, we remind our reader of a few facts concerning the Lebesgue area.
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Given a continuous surface z=f(x t y) defined over Q; if L(f) is finite then the partial derivatives f x and f y exist almost everywhere in Q, the integral ffQ [l+fl+fl] ll2 dxdy exists, and the relation
